In this paper, we first construct the free Rota-Baxter family algebra generated by some set X in terms of typed angularly X-decorated planar rooted trees. As an application, we obtain a new construction of the free Rota-Baxter algebra only in terms of angularly decorated planar rooted trees (not forests), which is quite different from the known construction via angularly decorated planar rooted forests by Guo. We then embed the free dendriform (resp. tridendriform) family algebra into the free Rota-Baxter family algebra of weight zero (resp. one). Finally, we prove that the free Rota-Baxter family algebra is the universal enveloping algebra of the free (tri)dendriform family algebra.
Introduction
American mathematician Glen E. Baxter [2] introduced the concept of Rota-Baxter algebras (previously called Baxter algebras) in the realm of probability theory. The free objects were constructed in [18, 21] , as well as in [10] and [19] composing the construction of free differential algebras followed by that of the free Rota-Baxter algebras. Guo proposed the concept of Rota-Baxter family algebra, which appears in renormalization of quantum field theory ([12, Proposition 9.1] and [23, Theorem 3.7.2] ).
Rooted trees are a useful tool for studying many interesting algebraic structures. They appeared as early as 1857 in the work of Arthur Cayley [6] , as a representation of vector fields in a flat space. They span the free pre-Lie algebra with one generator [7] . More than a century later, these structures formed the foundation of John Butcher's theory of B-series [5] , which has become an indispensable tool in the analysis of numerical integration.
Many Hopf algebraic structures have been built up on top of rooted forests, such as Connes-Kreimer [8] , Loday-Ronco [25] , Grossman-Larson [17] , Foissy-Holtkamp [14, 22] . Of course, other algebraic structures were also studied on rooted forests, such as Foissy [15] , Fauvet, Foissy and Manchon [13] . More recently, Bruned, Hairer and Zambotti [4] proposed the concept of typed decorated rooted forests, whose vertices are decorated by elements of a set X and whose edges are decorated by elements of a set Ω. Later, Foissy [16] studied several algebraic structures on typed decorated rooted forests, generalizing results of Connes and Kreimer [8] , Chapoton and Livernet [7] , Grossman and Larson [17] . The authors in [27] constructed free commutative Rota-Baxter family algebras and free noncommutative Rota-Baxter family algebras via the method of Gröbner-Shirshov bases. It is natural to ask how to use rooted trees to recover these free objects. In this direction, we next turn our attention to construct free Rota-Baxter family algebras on typed angularly decorated planar rooted trees.
Loday proposed the concept of dendriform algebra [26] with motivation from algebraic Ktheory. It has been studied quite extensively with connections to several areas in mathematics and physics. The free dendriform algebra is given by planar binary trees [24] . Loday and Ronco also introduced the concept of a tridendriform algebra in the study of polytopes and Koszul duality. The free tridendriform algebra is given by Schröder trees, also known as planar reduced trees [25] . The concept of dendriform (resp. tridendriform) family algebras were posed in [27] , the free (tri)dendriform family algebra was constructed in [28] . As is well known, a Rota-Baxter algebra of weight zero (resp. weight λ) induces a dendriform (resp. tridendriform) algebra [1, 9] . This enables us to consider the relationship between free Rota-Baxter family algebras and free (tri)dendriform family algebras. Ebrahimi-Fard and Guo considered the universal enveloping algebras of (tri)dendriform algebras in terms of words in [11] , which inspires us to study the universal enveloping Rota-Baster family algebra of the free (tri)dendriform family algebra in terms of angularly decorated planar rooted trees.
The paper is organised as follows: In Section 2, we first define a multiplication on the linear span of the set T(X, Ω) of typed angularly decorated planar rooted trees. Second, we introduce the set X ∞ of Rota-Baxter family words, and contruct a bijection from X ∞ to the set T(X, Ω) of typed angularly decorated planar rooted trees (Proposition 2.9). Finally, we prove that the linear span kT(X, Ω) is the free Rota-Baxter family algebra generated by X (Theorem 2.11). In Section 3, we show that the free dendriform family algebra on X is a canonical dendriform family subalgebra of the free Rota-Baxter family algebra kT(X, Ω) of weight 0 (Theorem 3.5) and that the free tridendriform family algebra on X is a canonical tridendriform family subalgebra of the free Rota-Baxter family algebra kT(X, Ω) of weight 1 (Theorem 3.10). At the same time, we prove that the free Rota-Baxter family algebra of weight one (resp. zero) is the universal enveloping algebra of the free tridendriform (resp. dendriform) family algebra Theorem 3.16 (resp. Theorem 3.15).
for Rota-Baxter family algebras, dendriform family algebras and tridendriform family algebras, respectively.
Free Rota-Baxter family algebras
In this section, we construct free Rota-Baxter family algebras in terms of typed angularly decorated planar rooted trees.
2.1. Typed angularly decorated planar rooted trees. Typed decorated rooted trees [4, 16] are rooted trees with vertex decoration and edge decoration. For a rooted tree T , denote by V(T ) (resp. E(T )) the set of its vertices (resp. edges). In this subsection, we introduce typed angularly decorated planar rooted trees.
Definition 2.1. [4] Let X and Ω be two sets. An X-decorated Ω-typed (abbreviated typed decorated) rooted tree is a triple T = (T, dec, type), where (a) T is a rooted tree.
In [28] , decorated planar binary trees were used to construct free dendriform family algebras. Along with line, in the present paper, we use decorated planar rooted trees to construct free Rota-Baxter family algebras which have close relationship with free dendriform family algebras. So we adopt the graphical representation of planar rooted trees as the one of planar binary trees in [28] , which is slightly different from the graphical representation of rooted trees used in [4, 16] : the root and the leaves are now edges rather than vertices. See examples below. So the set E(T ) must be replaced by the set IE(T ) of internal edges, i.e. edges which are neither leaves nor the root. However, a planar rooted tree has at least one vertex. Each vertex v yields a (possibly empty) set of angles A(v), an angle being a pair (e, e ) of adjacent incoming edges for v. Let A(T ) = v∈V(T ) A(v) be the set of angles of the planar rooted tree T . We propose the following concept: Definition 2.2. Let X and Ω be two sets. An X-angularly decorated Ω-typed (abbreviated typed angularly decorated) planar rooted tree is a triple T = (T, dec, type), where (a) T is a planar rooted tree.
Rota-Baxter family algebras, proposed by Guo, are a generalization of Rota-Baxter algebras and arise naturally in renormalization of quantum field theory [23, 12] .
Let Ω be a semigroup and λ ∈ k be given. A Rota-Baxter family of weight λ on an algebra R is a collection of linear operators (P ω ) ω∈Ω on R such that
Then the pair (R, (P ω ) ω∈Ω ) is called a Rota-Baxter family algebra of weight λ.
When the semigroup Ω is trivial, a Rota-Baxter family algebra degenerates to a Rota-Baxter algebra, which is originated by the American mathematician Glen E. Baxter [2] in the realm of probability theory. If a semigroup Ω has no identity element, we consider the monoid Ω 1 := Ω {1} obtained from Ω by adjoining an identity: 1ω := ω1 := ω, for ω ∈ Ω and 11 := 1.
For n ≥ 0, let T n (X, Ω) denote the set of X-angularly decorated Ω 1 -typed planar rooted trees with n + 1 leaves such that leaves are decorated by the identity 1 in Ω 1 and internal edges are decorated by elements of Ω. Note that the root is not decorated. Denote by
T n (X, Ω) and kT(X, Ω) := n≥0 kT n (X, Ω).
Here are some examples in T(X, Ω).
Graphically, an element T ∈ T(X, Ω) is of the form:
, with n ≥ 0, where x 1 , · · · , x n ∈ X and α 1 , · · · , α n+1 ∈ Ω 1 , If Ω is a singleton set, then typed angularly decorated planar rooted trees are reduced to angularly decorated planar rooted trees studied by Guo [20] , who used them to obtain angularly decorated planar rooted forests and to construct free Rota-Baxter algebras. For later use, we add the "zero-vertex tree" | to the picture, and set dep(|) = 0. Note that the operators B + ω are not defined on |. 
Here any branch T j ∈ T(X, Ω) {|}, j = 1, . . . , n + 1 is of depth at most one less than the depth of T , and equal to zero if and only if T j = |. We define bra(T ) := n + 1. For example, bra ω = 1, bra x = 2 and bra x y = 3.
2.2.
A multiplication on kT(X, Ω). This subsection is devoted to define a unital multiplication on kT(X, Ω), which is the crucial ingredient to construct a free Rota-Baxter family algebra.
Let X be a set and let Ω be a semigroup. Let T, T ∈ T(X, Ω). · · · y n , with m, n ≥ 0.
Define
(2) T T :=
For the induction step dep(T ) + dep(T ) ≥ 3, the trees T and T are of the form
There are four cases to consider. Case 1:
Here the first is defined by Case 3, the second, third and fourth are defined by induction and the last is defined by Case 2. This completes the inductive definition of the multiplication on T(X, Ω). Extending by linearity, we can expand the to kT(X, Ω). Let us expose an example for better understanding.
Example 2.6. Let X be a set and let Ω be a semigroup. For x, y ∈ X and α, β ∈ Ω, we have Remark 2.7. The unit for the product is given by the tree .
2.3.
Construction of free RBFA. In this subsection, we prove that kT(X, Ω) is the free Rota-Baxter family algebra of weight λ generated by X, via a bijection between T(X, Ω) and the set of Rota-Baxter family bracketed words. The latter is a subset of bracketed words [20, 3] and is used to construct free Rota-Baxter family algebras [27] .
Denote by M(X) the free monoid generated by X. Let Ω be a set. For any set Y and ω ∈ Ω,
Assume the sets Y ω to be disjoint with each other when ω varies in Ω. We use induction to define a direct system M n := M n (Ω, X), i n, n+1 : M n → M n+1 n≥1 of free monoids. First, define
Inductively assume that M n−1 has been defined for n ≥ 3, with the inclusion (7) i n−2, n−1 : M n−2 → M n−1 .
Then, define
The inclusion in Eq. (7) induces the inclusion
and generates an inclusion of free monoids
This completes the inductive construction of the direct systems. Finally, define the direct limit of monoids
with identity 1. An element in M(Ω, X) is called a bracketed word and is said to be of depth n if it is in M n \M n−1 . For each u ∈ M(Ω, X) with u 1, we may write u as a product u 1 · · · u k uniquely for some k with u i ∈ X ( ω∈Ω M(Ω, X) ω ) for 1 ≤ i ≤ k. We call k the breadth of u and denote it by |u|. If u = 1, we define |u| := 0. For each ω ∈ Ω, we introduce the linear operator
Let Y, Z be the subsets of M(Ω, X). First define the alternating products of Y and Z by
Then define recursively
Thus X 0 ⊆ · · · ⊆ X n ⊆ · · · and we may define
Elements in X ∞ are called Rota-Baxter family bracketed words. Denote by S the following vector subspace of kM(Ω, X):
Let X be a set and let Ω be a semigroup.
(a) S is a Gröbner-Shirshov basis in kM(Ω, X) with respect to a monomial order.
The set X ∞ is a k-basis of the free Rota-Baxter family algebra (kX ∞ , w , ( ω ) ω∈Ω ) = kM(Ω, X)/Id(S ) of weight λ, where Id(S ) is the operated ideal generated by S in kM(Ω, X).
We are going to erect a one-one correspondence between kT(X, Ω) and kX ∞ . Let us first expose some examples in the following table:
Typed angularly decorated planar rooted trees T(X, Ω)
with n ≥ 0 and define
with x 1 · · · x n := 1 in the case n = 0. For the induction step dep(T ) ≥ 2, T is the form
Then we define φ(T ) by the induction on bra(T ) ≥ 1. For the initial step bra(T ) = 1, we have
For the induction step bra(T ) ≥ 2, there are two cases to consider. Case 1:
Conversely, we are going to define a linear map
with the convention that ψ(1) := when n = 0.
If dep(w) ≥ 1, we apply induction on bre(w) ≥ 1. Write w = w 1 · · · w n with bre(w) = n ≥ 1. If bre(w) = 1, then w = w α for w ∈ X ∞ and α ∈ Ω by dep(w) ≥ 1, and define
This completes the definitions of φ and ψ.
· · · x n = T (by Eq. (12)).
For the induction step dep(T ) ≥ 2, write
We reduce to induction on bra(T ) ≥ 1. For the initial step bra(T ) = 1, we have T = α 1
(by the induction on dep(T ) and Eq. (14)) (12) and induction on bra(T ))
This completes the proof.
The following result shows that the linear map φ is compatible with respect to the multiplications and w , where w is the associative multiplication on the free Rota-Baxter family algebra given in Lemma 2.8. Lemma 2.10. For T and T in T(X, Ω), we have
Proof. If T = or T = , without loss of generality, letting T = , then φ(T ) = φ( ) = 1 and · · · x m and T = y 1 · · · y n with m, n ≥ 0.
We get (8)).
For the induction step dep
We reduce to induction on bra(T ) + bra(T ) ≥ 2. For the initial step bra(T ) + bra(T ) = 2, we have
(by Eq. (9) and the induction on dep(T ) + dep(T )) = φ(T 1 ) α 1 w φ(T 1 ) β 1 (by Lemma 2.8 (b)) = φ(T ) w φ(T ) (by Eq. (9)).
For the induction step bra(T ) + bra(T ) ≥ 3, there are two cases to consider. Case 1:
(by the induction on bra(T ) + bra(T )) = φ(T ) w φ(T ) (by Eq. (10)).
(by the induction on bra(T ) + bra(T )) = φ(T ) w φ(T ) (by Eq. (11)).
This completes the proof. Now we are ready for our main result in this section. Let j X be the embedding given by
Theorem 2.11. Let X be a set and let Ω be a semigroup. The triple kT(X, Ω), , (B + ω ) ω∈Ω , together with the j X , is the free Rota-Baxter family algebra of weight λ on X.
Proof. We divide the proof into two steps.
Step 1: We prove that (kT(X, Ω), , (B + ω ) ω∈Ω ) is a Rota-Baxter family algebra. First, for Since ψ • φ = id by Proposition 2.9, we have
which proves the associativity. Second, for T, T ∈ T(X, Ω), we have (9) and Lemma 2.10).
Again by ψ • φ = id, we have
ω∈Ω is a Rota-Baxter family on (kT(X, Ω), ).
Step 2: We prove the freeness of (kT(X, Ω), , (B + ω ) ω∈Ω ). By Proposition 2.9, φ : kT(X, Ω) → kX ∞ is a linear isomorphism. Further, by Eq. (9) and Lemma 2.10, φ is a Rota-Baxter family isomorphism. Finally, since (kX ∞ , w , ( ω ) ω∈Ω ) is a free Rota-Baxter family algebra on X by Lemma 2.8 (b), the result holds.
If Ω is a trivial semigroup, all typed angularly decorated planar rooted trees in T(X, Ω) have the same edge decorations, and so T(X, Ω) reduces to angularly decorated planar rooted trees T(X) without edge decorations. Meanwhile, the unique B + ω with ω ∈ Ω reduces to the grafting operation B + applied in the Connes-Kreimer Hopf algebra [8] . As a consequence, we obtain a new construction of free Rota-Baxter algebra in terms of T(X).
Corollary 2.12. Let X be a set and let Ω be a trivial semigroup. Then the triple (kT(X), , B + ), together with the j X , is the free Rota-Baxter algebra of weight λ on X.
Proof. If Ω is a trivial semigroup, Eq. (1) is precisely the Rota-Baxter equation. So the result follows directly from Theorem 2.11 3. Embedding free DFAs (resp. TFAs) into free RBFAs In this section, we show that the free dendriform (resp. tridendriform) family algebra on a set X is a canonical dendriform (resp. tridendriform) family subalgebra of the free Rota-Baxter family algebra kT(X, Ω) of weight zero (resp. one).
3.1.
Embedding free DFAs into free RBFAs. The concept of a dendriform family algebra was proposed in [27] , as a generalization of a dendriform algebra invented by Loday [26] in the study of algebraic K-theory.
Definition 3.1. [27] Let Ω be a semigroup. A dendriform family algebra is a k-module D with a family of binary operations (≺ ω , ω ) ω∈Ω such that for x, y, z ∈ D and α, β ∈ Ω,
Let X be a set and let Ω be a semigroup. For n ≥ 1, let Y n := Y n, X, Ω := T n (X, Ω) ∩ {planar binary trees}, that is, Y n is the set of X-angularly decorated Ω 1 -typed planar binary trees with n + 1 leaves, such that leaves are decorated by the identity 1 in Ω 1 and internal edges are decorated by elements of Ω. Here are some examples for better understanding. For convenience, we omit the decoration 1 in the sequel.
x ∈ X and α, β ∈ Ω 1 , the grafting ∨ x, (α, β) of T and U over x and (α, β) is defined to be T ∨ x, (α, β) U ∈ Y m+n+1 , obtained by adding a new vertex decorated by x and joining the roots of T and U with the new vertex via two new edges decorated by α and β respectively.
Conversely, for T ∈ Y n not equal to |, there is a unique decomposition T = T l ∨ x, (α, β) T r for some x ∈ X and α, β ∈ Ω 1 . 
Note that | ≺ ω | and | ω | are not defined for ω ∈ Ω 1 . Here we apply the convention that Let j : X → DD(X, Ω) be the map defined by j(x) = x for x ∈ X.
Theorem 3.3.
[28] Let X be a set and let Ω be a semigroup. Then (DD(X, Ω), (≺ ω , ω ) ω∈Ω ), together with the map j, is the free dendriform family algebra on X.
It is well-known that a Rota-Baxter algebra of weight 0 induces a dendriform algebra [1, 9] . Similarly, we have the following fact. 
Now we arrive at our main result. Theorem 3.5. Let X be a set and let Ω be a semigroup. The free dendriform family algebra DD(X, Ω), (≺ ω , ω ) ω∈Ω on X is a dendriform family subalgebra of the free Rota-Baxter family algebra kT(X, Ω), , (B + ω ) ω∈Ω of weight 0. Proof. By Lemma 3.4, a Rota-Baxter family algebra kT(X, Ω), , (B + ω ) ω∈Ω of weight 0 induces a dendriform family algebra kT(X, Ω), (≺ ω , ω ) ω∈Ω . Now we prove that DD(X, Ω), (≺ ω , ω ) ω∈Ω is a dendriform family subalgebra of kT(X, Ω), (≺ ω , ω ) ω∈Ω .
For T = T l ∨ x, (α 1 , α 2 ) T r and U = U l ∨ y, (β 1 , β 2 ) U r ∈ DD(X, Ω) , we use induction on dep(T ) + For the induction step dep(T ) + dep(U) ≥ 3, we only prove T ≺ ω U ∈ DD(X, Ω), as T ω U ∈ DD(X, Ω) can be obtained similarly. If T r = |, then by Eq. (5), Eq. (19) ).
By the induction hypothesis, T r ≺ ω U, T r α 2 U ∈ DD(X, Ω) and so T ≺ ω U ∈ DD(X, Ω). Hence DD(X, Ω), (≺ ω , ω ) ω∈Ω is a dendriform family subalgebra of kT(X, Ω), (≺ ω , ω ) ω∈Ω . We are left to show (20) T Similarly, . (19) ).
Consider the induction step of dep(T ) + dep(U) ≥ 3. We first prove the first equation of Eq. (20) . . (19) ). If T r |, then . (19) ).
We next prove the second statement of Eq. (20) . If U l = |, then (19)).
If U l |, then . (19) ). This completes the proof.
3.2.
Embedding free TFAs into free RBFAs. The concept of a tridendriform family algebra was introduced in [27] , which is a generalization of a tridendriform algebra invented by Loday and Ronco [25] in the study of polytopes and Koszul duality. Definition 3.6. [27] Let Ω be a semigroup. A tridendriform family algebra is a k-module T equipped with a family of binary operations (≺ ω , ω ) ω∈Ω and a binary operation · such that for x, y, z ∈ T and α, β ∈ Ω,
Let X be a set and let Ω be a semigroup. For n ≥ 1, let T n := T n, X, Ω := T n (X, Ω) ∩ {Schröder trees}, be the set of X-valently decorated Ω 1 -typed Schröder trees with n + 1 leaves, such that the leaves are decorated by the identity 1 in Ω 1 and internal edges are decorated by elements of Ω. Here are some examples. Note that the edge decoration 1 is omitted for convenience.
x y x, y ∈ X, α ∈ Ω ,
Denote by
DT(X, Ω) := n≥1 kT n .
For typed angularly decorated Schröder trees T (i) ∈ T n i , 0 ≤ i ≤ k, and x 1 , . . . , x k ∈ X, α 0 , . . . , α k ∈ Ω 1 , the grafting of T (i) over (x 1 , . . . , x k ) and (α 0 , . . . , α k ) is 
T ω U := n+1; ωβ 0 ,β 1 ,...,β n y 1 ,y 2 ,...,y n
U (1) , . . . , U (n) ).
Note that | ≺ ω |, | ω | and | · | are not defined. We employ the convention that Let j : X → DT(X, Ω) be the map defined by j(x) = x for x ∈ X.
Lemma 3.8.
[28] Let X be a set and let Ω be a semigroup. Then (DT(X, Ω), (≺ ω , ω ) ω∈Ω , ·), together with the map j, is the free tridendriform family algebra on X.
Let us recall the following fact. 
Now we are ready for our main result. Theorem 3.10. Let X be a set and let Ω be a semigroup. The free tridendriform family algebra DT(X, Ω), (≺ ω , ω ) ω∈Ω , · on X is a tridendriform family subalgebra of the free Rota-Baxter family algebra kT(X, Ω), , (B + ω ) ω∈Ω of weight 1. Proof. By Lemma 3.9, a Rota-Baxter family algebra kT(X, Ω), , (B + ω ) ω∈Ω of weight 1 induces a tridendriform family algebra kT(X, Ω), (≺ ω , ω ) ω∈Ω , · . Now we prove that DT(X, Ω), (≺ ω , ω ) ω∈Ω , · is a tridendriform family subalgebra of kT(X, Ω), (≺ ω , ω ) ω∈Ω , · . and U = y 1 · · · y n . Then
T ω y 1 · · · y n ∈ DT(X, Ω) and
· · · x m y 1 · · · y n ∈ DT(X, Ω).
For the induction step dep(T ) + dep(U) ≥ 3, we first prove T ≺ ω U ∈ DT(X, Ω), there are two cases to consider.
Case 2: T (m) |. Then
(by Theorem (2.11) of weight 1)
(by Eq. (5)) By the induction hypothesis, B + α m (T (m) ) U, T (m) B + ω (U) and T (m) U ∈ DT(X, Ω) and so T ≺ ω U ∈ DT(X, Ω). We next prove T ω U ∈ DT(X, Ω), there are also two cases to consider. Case 3: U (0) = |. Then
Case 4: U (0) |. Then
· · · y n β n β 1 β n−1 (by Theorem (2.11) of weight 1) . (4) ).
By the induction hypothesis,
We finally prove T · U ∈ DT(X, Ω), there are four cases to consider. Case 5: T (m) = | = U (0) . Then 
x m y 1 · · · y n = x 1 · · · x m y 1 · · · y n (by Eq. (2)) = T U = T · U (by Eq. (27)).
For the induction step dep(T ) + dep(U) ≥ 3, we first prove the first statement of Eq. (28) . There are two cases to consider. = T (0) (27)). (27)).
We next prove the second statement of Eq. (28) , and there are also two cases to consider. (27)). 
(by Theorem 2.11 of weight 1) (27)).
We finally prove the third statement of Eq. (28) , and there are four cases to consider. T (1) T (m−1) U (1) U (n−1)
x m y 1 · · · y n α 0 β n α 1 α m−1 β 1 β n−1 = T (0) T (1) T (m−1)
x 1 · · · x m α 0 α 1 α m−1 U (1) U (n−1) U (n) y 1 · · · y n β n β 1 β n−1
(by Eq. (3))
= T U = T · U (by Eq. (27)). 3.3. Universal enveloping algebras of (tri)dendriform family algebras. In this subsection, we mainly prove that the free Rota-Baxter family algebra kT(X, Ω), , (B + ω ) ω∈Ω is the universal enveloping algebra of the free dendriform (resp. tridendriform) family algebra DD(X, Ω) (resp. DT(X, Ω)). Definition 3.12. Let D be a dendriform (resp. tridendriform) family algebra. A universal enveloping Rota-Baxter family algebra of weight λ of D is a Rota-Baxter family algebra RBF(D) := RBF λ (D), together with a dendriform (resp. tridendriform) family algebra morphism j : D → RBF(D) such that for any weight λ Rota-Baxter family algebra A and dendriform (resp. tridendriform) family algebra morphism f : D → A, there is a unique Rota-Baxter family algebra morphismf : RBF(D) → A such thatf • j = f. Lemma 3.13.
[28] Let X be a set and let Ω be a semigroup. Then (DD(X, Ω), (≺ ω , ω ) ω∈Ω ) is the free dendriform family algebra, generated by x x ∈ X . Lemma 3.14.
[28] Let X be a set and let Ω be a semigroup. Then (DT(X, Ω), (≺ ω , ω ) ω∈Ω , ·) is the free tridendriform family algebra, generated by x x ∈ X .
From Theorem 3.5, we know that the free dendriform family algebra DD(X, Ω) is a dendriform family subalgebra of kT(X, Ω). Let i : DD(X, Ω) → kT(X, Ω) be the natural embedding map. Theorem 3.15. Let X be a set and let Ω be a semigroup. Then kT(X, Ω), together with the canonical inclusion map i, is the universal enveloping weight zero Rota-Baxter family algebra of the free dendriform family algebra DD(X, Ω).
Proof. From Lemma 3.4, a Rota-Baxter family algebra of weight 0 induces a dendriform family algebra. Let (A, (Q ω ) ω ) be any Rota-Baxter family algebra of weight 0 and let g : DD(X, Ω) → A be a dendriform family algebra morphism. We need to find a Rota-Baxter family algebra morphismḡ : kF(X, Ω) → A making the following diagram commute. From Theorem 3.10, we know that the free tridendriform family algebra DT(X, Ω) is a tridendriform family subalgebra of kT(X, Ω). Let λ −1 j : DT(X, Ω) → kT(X, Ω) be the natural embedding map. Theorem 3.16. Let X be a set and let Ω be a semigroup. Then kT(X, Ω), together with λ −1 j, is the universal enveloping weight λ Rota-Baxter family algebra of the free tridendriform family algebra DT(X, Ω).
DD(X, Ω)
Proof. The proof is similar to Theorem 3.15. Details are left to the reader.
